Abstract. In a non-flat FLRW universe with presence of barotropic fluid, exact scalar field solution is not always possible to be integrated out analytically when written in standard cosmology formulation. Non-linear Schrödinger-type (NLS) formulation was proposed before as the other way of expressing quantities in canonical scalar field cosmology. Here we propose that the exact (phantom and non-phantom) scalar field solution in this circumstance can be obtained analytically using the NLStype formulation. Exponential expansion is considered here as a toy model for demonstrating the procedure.
Introduction
Present acceleration of the universe is known from many observations [1, 3, 2] as well as inflation in the early universe which is now widely accepted [4] . The present acceleration and inflation are explained by exploiting some evolving scalar field with time-dependent equation of state coefficient w(t) < −1/3, or cosmological constant (for a review see [5] ). Recently, some mathematical alternatives to standard canonical scalar field cosmology formulation with barotropic perfect fluid, such as non-linear Ermakov-Pinney equation, were proposed [6, 7] . Moreover, non-Ermakov-Pinney equation for the same system was also proposed recently in form of non-linear Schrödinger-type equation (hereaftercalled NLS) of which solutions correspond to solutions of generalized Ermakov-Pinney equation [7, 8] . Compact conclusions of how the NLS-type formulation is related to standard formulation and an application to power-law expansion case are presented recently [9] . The method shown therein presents an alternative form of rewriting standard cosmological quantities in form of quantities in NLS-type equation. In this letter, we propose a method to solve for scalar field exact solution using the NLS-type formulation for a toy model with exponential expansion.
Cosmological System

Scalar field cosmology with barotropic fluid
There are two perfect fluids considered in the system: barotropic fluid and scalar field fluid. The perfect barotropic fluid pressure p γ and density ρ γ obey an equation of state, p γ = (γ −1)ρ γ = w γ ρ γ while for scalar field, p φ = w φ ρ φ . Total density and total pressure are ρ tot = ρ γ + ρ φ and p tot = p γ + p φ . For the barotropic fluid, its equation of state coefficient w γ is written in term of n. We set w γ ≡ (n − 3)/3 so that n = 3(1 + w γ ) = 3γ, hence w γ = −1 corresponds to n = 0, w γ = −1/3 to n = 2, w γ = 0 to n = 3, w γ = 1/3 to n = 4, and w γ = 1 to n = 6. The conservation equation is thereforė
with solution obtained directly by solving Eq. (1),
, where a is scale factor, the dot denotes time derivative, H =ȧ/a is Hubble parameter and D ≥ 0 is a proportional constant. The scalar field considered here is minimally coupling to gravity with Lagrangian density, L = (1/2)ǫφ 2 − V (φ) , where ǫ = 1 for non-phantom case and −1 for phantom case. Density and pressure of the field are given as
The field obeys conservation equation
Considering Friedmann-Lemaître-Robertson-Walker (FLRW) universe, the Friedmann equation and acceleration equation are
where
, G is Newton's gravitational constant, M P is reduced Planck mass, k is spatial curvature and
Using Eqs. (2) , (3), (4), (5) and (6), we can show that
For simple consideration, we consider a toy model of exponential expansion which reads
where τ is a positive constant.
Exact solution solved directly from effective equation of state
Flat (k = 0) universe undergoes exponential expansion only when w eff = −1. The effective equation of state (8) 
With definition in Sec. 2.1, the effective equation of state (8) can be rewritten as ǫφ 2 = −(n/3)ρ γ , which directly yields
when assuming phantom scalar field, i.e. ǫ = −1 otherwise the solution is imaginary.
Exact solution from standard formulation
Another way to find the exact solution is to consider Eq. (9) which gives an integration:
In the case that k = 0 and D = 0, the field φ is constant which gives w φ = −1, i.e. cosmological constant as seen in simplest toy model of exponential expansion. When assuming only k = 0 and ǫ = −1, the solution of Eq. (13) is the same as Eq. (12) confirming the result from solving equation of state in Sec. 2.2. For a scalar field domination in a non-flat universe (D = 0, k = 0) the solution is
which is real-value only for ǫ = 1.
NLS-type formulation
In the non-linear Schrödinger-type (NLS-type) formulation, wave function u(x), Schrödinger total energy E and Schrödinger potential P (x) are related to standard formulation as
These quantities satisfy NLS-type equation:
Mapping from t to x is via x = σ(t), such thaṫ
We comment that the relation ψ ′ (x) 2 = (4/nκ 2 )P (x) in Ref. [8] does not include phantom field case therefore the solution ψ(x) = ±(2/κ √ n) P (x) dx in [8] needs to be modified. The relationφ(t) =ẋ ψ ′ (x) when written as a field kinetic term should be ǫφ(t) 2 =ẋ 2 ǫ ψ ′ (x) 2 . Therefore, to include the phantom field case, corrected relation becomes ǫ ψ ′ (x) 2 = (4/nκ 2 ) P (x) , and ψ(x) should read
If P (x) = 0 and n = 0, there exists an inverse function of ψ(x) as ψ −1 (x). Therefore x(t) = ψ −1 • φ(t) and the scalar field potential, V • σ −1 (x) can be expressed as function of time,
For exponential expansion, following Eqs. (15) and (19), we get
Integrating the above equation, hence parameters x and t scale as
where x 0 is an integration constant. The reverse is
where the condition x < x 0 must be imposed. Now we can write wave function as
which is a linear function. Using Eq. (11), in Eq. (9) yields
Then the Eq. (17) is
Here the Schrödinger kinetic energy term is
Expressing in NLS-type formulation, these functions are written in term of x,
In order to obtain the scalar field potential V (t), we use Eqs. (15), (16), (17) in Eq.
(22), we finally obtain
which is checked by using Eq. (11) in standard cosmology formula (10).
Scalar field exact solution from NLS-type formulation for exponential expansion
Using Eq. (30) in Eq. (21), then
We will integrate this equation in cases of k = 0 and k = 0. 
4.2. The case k = 0
When k = 0, the integral (33) is not easy to evaluate. We consider radiation and dust fluids separately in order to simplify the integral.
4.2.1. Radiation case Radiation fluid corresponds to n = 4, the integral (33) becomes
Here x could be negative, ǫ can possibly be either ±1. However in performing integration, in order to obtain real solution, we must assume ǫ = 1. The solution in radiation case is
Transforming x scale to the t scale using Eq. (24), the scalar field solution in radiation case, non-zero k therefore reads
4.2.2. Dust case For dust, n = 3. The integral (33) becomes
which has solution
In the t variable, using the Eq. (24), for dust fluid with non-zero k, the scalar field solution is therefore,
Conclusions
This letter reports and demonstrates a method of solving for canonical scalar field exact solution in a non-flat FLRW universe with barotropic fluid using non-linear Schrödinger (NLS)-type formulation. Our method also includes phantom scalar field case. Exponential expansion a(t) = exp (t/τ ) is considered here as a simple toy model. We express that using the NLS method, one can have alternative way to obtain scalar field exact solution which can not be integrated analytically within standard cosmology framework. The NLS method, in some particular cases of setting i.e., how scale factor evolve with time, could transform integrands (which is difficult to integrate in standard formulation) into easier function to integrate in NLS formulation.
